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Abstract

MIMO systems allow us to work in the state-space without restrictions. The use of the Modern Control Theory let to specify new

behaviors of complex structures. We describe the dynamics of the cardiovascular system by finding the input-output relationships

in the state-space of a functional cardiac model, based on state equations and controllability criteria of control theory. The use of

the transfer matrix applied to dynamic systems with many inputs and outputs allows addressing the treatment of cardiovascular

dynamics with a different perspective. Based on the controllability criteria of dynamic systems we present an alternative method of

analyzing the state of the arterial wall as a function of compliance. The unit step response of the multiple-input multiple-output sys-

tem model illustrates the damping effect of the arterial wall to the pulsatility of the heart. In addition to verifying that hypertensive

patients have less inertia of blood flow, it established that the internal controllability of the system can be affected as a function of

input-output correlations.
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Introduction

A model is, by definition, an approximation of a system in terms
of its representation [1]. Mathematical modeling is currently ap-
plied to physiology and medicine to support the activities of the
scientist and the clinic workers. The hemodynamic characteris-
tics of the cardiac system, including peripheral resistance, arterial
compliance and the characteristic impedance of the proximal aor-
ta, help to understand this system [2]. Strong interactions between
characteristics of the vascular system make difficult a good under-

standing, although mathematical modeling and parameter estima-

tion can help to understand system performance. A well-known

model for operating on vascular features is the Windkessel model.

The Windkessel model defines the heart and the systemic arte-
rial system as a closed hydraulic circuit comprising a water pump
connected to a chamber. The water pumped into the chamber com-
presses the air inside and pushes the water out of the chamber,
back to the pump. This allows us to simulate the elasticity and ex-
tensibility of the main artery, since the ventricle of the heart pumps
blood towards it. This effect is known as arterial compliance, rep-

resented by capacitor C. The term compliance is the parameter that
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specifies the elastic nature of the blood vessels. It is defined as the
incremental change in volume that would result from an incremen-

tal change in pressure.

The resistance that water encounters as it exits the Windkessel
model and flows back to the pump, simulates the resistance to flow
that blood encounters as it flows through the arterial tree from the
major arteries, minor arteries, arterioles, and capillaries, due to the
decrease in the diameter of the vessel.This resistance to flow R is

known as peripheral resistance [3,4].

We consider the four-element Windkessel model, first proposed
by Burathi and Gnudi in 1982 [5]. This model is shown schemati-
cally in figure 1 and consists of a parallel connection of a resistor
and capacitor. The resistance R represents the total peripheral
resistance and the capacitor C represents the compliance of the
vessels. Another resistive element between the pump and the air
chamber simulates the resistance to blood flow due to the aortic
or pulmonary valve. L is an inertial element in parallel with the
characteristic impedance. With this arrangement, the model can
account for the inertia of the entire arterial system at low frequen-
cies and, at mid and high frequencies, allows the characteristic im-

pedance to come into play [6].

Other authors have modeled the cardiovascular system based
on the Windkessel model of two, three or four elements, to esti-
mate the parameters [2,7], to simulate the pressure signal wave-

form [8] or, to study some specific characteristics [9,12].

Figure 1: Four-element Winkessel model.

When considering multiple inputs and outputs, the dynamics
of the system depends on the intervening transfer functions, there

is no longer a single input-output relationship. The major arteries
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fulfill 2 different but interrelated functions: a) They constitute low
resistance to blood distribution channels that deliver an adequate
blood supply to the peripheral organs, called the conduction func-
tion and related to the static component of arterial pressure (mean
arterial pressure), and b) Also, dampens pressure oscillations
caused by the intermittent nature of ventricular ejection, called
the damping function related to the pulsatile component (pulse
pressure) [13]. Due to the damping function, the major arteries
store a part of the stroke volume during systolic ejection (approxi-
mately 60% in normal conditions) and return it during diastole,
losing 15% of the energy stored in heat (dissipated energy). This
is known as the Windkessel effect, since it transforms the pulsatile
flow of the central arteries into a continuous flow required by the

peripheral tissues.

Our aim is to describe the dynamics of the cardiovascular sys-
tem by searching for input-output relationships in the state space,
assuming that the heart is a stable biological system with feedback
[14,15], determining its influence on the controllability of dynamic

systems.

In this article we use space-state equations and controllabil-
ity criteria to simultaneously calculate multiple relationships that

characterize part of cardiac dynamics.

Methods
Data

The table 1 and 2 list the data corresponding to two categories
of patients, with normal blood pressure and arterial hypertension
(research group of Dr. Armentano - Favaloro University - Argen-
tina). Columns 2 and 3 show the systolic and diastolic pressures.
In column 4, the average value of compliance. Column 5 indicates
the pulse wave velocity. Column 6 lists the compliance calculated
for each record. The values in column 7 denote the inertia of the
system, a parameter that is calculated by subtracting the diastolic
pressure from the systolic. In column 8, the control pole, which will

give the idea of stability of the dynamic system.

Estimation of the conpliance
Unlike what was published by Monzoén,, et al. [16], in this work
we use the Branwell and Hill equation to find the compliance:
1334.Dm
m=———-—-
2.r.PWV
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N°| SP DP AP PWV Cm L Pole
mmHg mmHg |\ mmHg| m/s (:;:;:lg/ mmHg (t(;::;l)-
1 93 57 69 10,39 4,03 36 |-1,1550
2 | 127 80 96 12,25 4,15 47 |-1,1626
3 | 104 66 79 9,05 5,03 38 |-1,2049
4 | 120 89 99 10,78 3,43 31 |-1,1063
5 91 75 80 10,94 3,14 16 |-1,0731
6 97 70 79 11,11 3,57 27 |-1,1197
7 | 118 66 83 9,28 5,36 52 |-1,2165
3 85 51 62 7,80 6,40 34 |-1,2443
9 96 61 73 8,83 4,08 35 |-1,1563
10| 117 77 90 9,80 3,62 40 | -1,1241
11| 119 64 82 10,69 4,00 55 |-1,1530

Table 1: Compliance and control pole for normotensive patients.

N°| SP DP AP |PWV| Cm L Pole
mmHg mmHg| mmHg | m/s e1;14l:lr-;1g/ mmHg| (Control)
1 146 96 113 |15,21| 2,00 50 | -0.68 %
0,771
2 106 84 91 |14,58| 2,21 22 | -0,8139
3 | 116 65 82 |10,07| 3,49 51 | -1,1122
4 | 157 89 112 11,15 3,76 68 | -1,1357
5 | 166 98 121 |14,25| 2,68 68 | -0,9948
6 | 164 92 116 |16,26| 2,22 72 | -0,8216
7 | 127 82 97 |11,44| 3,76 45 | -1,1357
8 | 155 92 113 |17,16| 2,48 63 | -0,9417
9 | 155 70 98 |10,83| 3,70 85 | -1,1309
10| 139 | 100 113 11,28 4,04 39 | -1,1557
11| 134 84 101 |10,27| 4,82 50 | -1,1965
12| 114 75 88 |[11,31| 3,12 39 | -1,0704
13| 117 78 91 |14,07| 2,31 39 | -0,8753
14| 125 83 97 |14,78| 1,68 42 | -0,68%
0,35i

Table 2: Compliance and control pole for hypertensive patients.

Where factors such as pulse wave velocity, blood viscosity, and

artery diameter are involved.
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The pulse wave velocity was calculated in a graphical way using

the following formula:

Modeling in state-space

As the operation of the cardiac system involves many variables
such as pressure, blood density, compliance, resistance of the arte-
rial wall, among others, it would be better to model it with a MIMO
(Multiple Input - Multiple Output) system. We designed this model
by connecting two SISO (Single Input - Single Output) systems in
parallel. The input matrix represents two variables: complication

and inertia of blood flow.

The transfer functions of the four-element Windkessel model

with 2 inputs and 2 outputs are:

1

()= Eals) &

SE, (s)+5E, (5)—= + E, -

¢ RC
szLEO2 (s) +sE , (s)z' +E, (s) =K, (s)
Where T is RC.

From (1), the equations of the system model in the state space

are defined by:
él+lél+—€]=le»l ----------- (2)
0 r 0 C 4 C t
. T 1
e, +z€02 +Z€02 =zei2

The input, output and state variables of the system are:

X, =e e, =u
1 ol * il 1
. ®)
X, =€, =X
. 1 1 N 1
X, =——X, ——X —u
2 1 2 1
C T C
X3 =€, €y =i
x,=é,=% o (4)
. 1 T 1
Xy=——X;——X, +—1U,
L L L
Tl R — (5)
yZ = eo2 = 'x3
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In matrix notation:

Where X is the state vector, Y the output vector, A the state ma-

trix, B the input matrix y C the output matrix.

The components of the state vector are represented by:

X =x,=¢,
--------------- 7)
. 1 1
X, —E ]—EXZ-F M1+M2
X3 =Xy =€y
T ®)
X, =——X,——X, +—u, +u,

Finally,

System controllability

Systems analysis consists of two parts:

¢ Quantitative analysis, in which we are interested in the exact
response of the system for a given set of inputs and initial

conditions;

¢ Qualitative analysis, in which we are interested in the prop-

erties of the system.

Controllability is one of the qualitative properties of dynamic

systems.

Broadly speaking, controllability studies the possibility of guid-
ing the states of a system to a desired position by means of the in-

put signal.

The pair {A, B} are said to be controllable if for any initial state

x(0) = x, and any final state x, there is an input u that transfers x
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to x, in a finite time interval.

For the system to be controllable, is required that the dimension

matrixn- nr

The rank of the matrix needs to be = n, that is, it contains n lin-
early independent vectors; or that the determining factoris * 0.

The matrix given in (10) is called the controllability matrix.

As a contribution to future work, by using the Controllability
criteria, it is possible to develop other analyzes and find out new
parameters, as well as the Pole Location Method and the Linear
Quadratic Regulator, which indicate, in the first case, the vital work
points for the patient (pacemaker regulation), and in the second,

the operating points with less energy expenditure.

In addition, the stability of the system is closely related to the
concept of Controllability. In the state space, Stability is a parame-

ter that can be established and graphed.

Results and Discussions

The values found for the different control poles are listed in
column 8 of table 1 and 2. These, the further away (left) from the
ordinate axis in Laplace space (s), they will make the system more
stable. According to table 2 - patient 14, which this hypertensive
patient, having its conjugated poles, indicates that its damping fac-
tor is less than that of the normotensive patient, with respect to its

frequency response.

DC,, =
DCyy=

- 0.24
- 354

We found non-zero determinants of the 25 cases analyzed,

therefore the "global” dynamic state of the patients is controllable.

There is a unique relationship between compliance and the
calculated pole. For high compliance values, the pole moves away
from the ordinate axis in the Laplaces field. This indicates that for

highly compliant systems, the model tends to be more stable.

We could calculate the relationships between all inputs and out-
puts due to the controllability of our system. As an example, we
show the transfer matrices for the signals of patients 8 in table 1

and 14 in table 2, cases with the highest and lowest compliance
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calculated. Each element of the matrix is a transfer function that
indicates the relationships between inputs and outputs for that

particular patient.

The transfer function G (s) in Laplace space relates the output

to the input. In the case of MIMO systems we have the relations
G (s)-

output input

For patient 8 of table 1:

For patient 14 of table 2,

Figure 2 illustrates how the input and output relationships are

constructed.

The transfer functions, thus expressed in polynomial form do

not give information about the controllability of the system.
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ul G11 y » y1
G12
»  G21

u2 > G22 ; > 2

Figure 2: Multiple transfer functions.

The necessary and sufficient condition for the complete con-
trollability of the state is that a cancellation does not occur in the

transfer function or in the transfer matrix.

For this, we must express them in terms of their poles and zeros.
If cancellation happens, the system cannot be controlled in the di-

rection of canceled mode.

If we write it this way,

_ K(s+z)(s+z,)..(s+z2,)
(s+p)s+py)-(s+p,)

G(s)

, Withm<n

We can find if there is any cancellation.

Of the eight transfer functions analyzed, it was found that the

relationship &:GZ](s) presents cancellations between poles

U,(s)
and zeros, both for normotensive and hypertensive patients, this
implies that the "internal” dynamic controllability of the system is

compromised for these output/input relationships.

For the case of the normotensive system,

(s+4294) (5+£04256)
(s+4247) (s£0:4758) (s> +0,021315+0,02939)

This indicates that for MIMO systems it is often not enough to

Gy, =

calculate the determinant of the controllability matrix, since there
are many interrelationships between inputs and outputs. The can-
celed transfer function does not carry all the information that char-

acterizes the system [17].
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Which is consistent with what is reflected in figure 3c. Cardiac

wall relaxation times are low.

Figure 3 shows the response of the model for a normotensive
and a hypertensive patient (Record 8 of table 1, record 14 of table
2). Figure 3a illustrates the variation of time compliance for sys-
tolic pressure as a function of its own output/input ratio, Y,(s)/
U,(s)—> 1, while 3b) represents the values found of the compli-
ance - table 1 (6,40 e-4 cm/mmHg) and II (1,68 e-4 cm/mmHg)
corresponding to Y, (s)/U,(s).

Figure 3c reveals the variation of the inertial element for both
categories of patient according to the considered recovery time.
(RC=730 msec.), being 34 mmHg for the normotensive patient and
42 mmHg for the hypertensive patient® Y, (s)/U, (s) and figure 3d
show the inertia of blood flow over time for the systolic and diastol-

ic pressures, respectively, Y, (s)/U,(s) — 1 also in this case.

In figure 3c the recovery time of the arterial wall, as shown by
the inertia of blood flow, is approximately 30 msec, longer than the

modeled recovery time for normotensive patients.

Compliance represents the increase in the volume of blood in
a vessel when the pressure in the same vessel also increases. As is
known, patients with arterial hypertension show reduced compli-
ance and compliance compared to normotensive subjects, which

supports our results [18,19].

Step Response
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Figure 3: Response for the two categories of patients.
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To enrich the results in the space of time, figure 4 represents
the frequency response of the transfer functions G, (s) from fig-
ure 3c), which, according to the calculations, shows an incomplete

controllability of the system.

Figure 4: Frequency response of G,,.

It can be seen that the amplitude in frequency of the signal of
the normotensive patient (blue) is less than that of the hyperten-
sive (red). But the phase angle of the normotensive patient is great-
er than that of the hypertensive patient. This indicates that hyper-
tensive patients have less inertia to blood flow.

To give an idea of the effect of compliance on the heart wall, we
present the following graphs.

Compliance was considered as input values and the systolic and

diastolic pressures as state variables.

In figure 5 is observed the dynamic behavior of the cardiac sys-
tem of a normotensive patient. The damping of the arterial wall
composed of the tandem R (peripheral resistance) C (compliance)
is such that at the beginning of the next beat (approx. 1 second)
the signals of both pressures (systolic and diastolic) do not overlap,

which implicate normal operation.

Figure 6 shows how damping increases substantially, when
looking at the times that are handled. Pressure signals tend to over-

lap before the next heartbeat starts (approx. 1 second).
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Figure 5: Dynamic Response - Arterial wall - Normotensive
patient 8 - Table I.
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Figure 6: Dynamic Response - Arterial wall - Hypertensive
patient 14 - Table 2.

Conclusion
Modeling the cardiac system with tools of the modern control
theory, allows analysis of cardiovascular dynamics using equations

of state and multiple transfer functions.

By using the controllability criteria, it was possible to establish

that there may be critical correlations between some outputs and
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inputs, which was demonstrated by using this criterion applied to

the transfer functions that define both systems.

The aim of our work was to find the relationship between arte-
rial compliance and inertia of blood flow with systolic and diastolic
pressures, two clinical variables that can be captured in an easy
and non-invasive way into the hospital setting and that allowed the
development of the analysis of cardiac systems by the conforma-
tion of the different transfer functions, which for a MIMO system

would correspond to call them, the transfer matrix.
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