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Abstract

In this work, we discuss some of the properties of an integral transformation that was presented recently. This transformation is

considered a generalization of the Laplace transform, so that the exponential function in the Laplace transform was replaced by the

two parameters Mittag-Leffler function, which makes its study somewhat complicated. The properties discussed are used to solve

some types of differential equations.
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Introduction

Integral transformations are mathematical operations that
involve transforming a function Integral transformations are
mathematical operations that involve transforming a function or
equation from one domain to another using integration. These
transformations are widely used in various branches of mathemat-

ics, physics, engineering, and other scientific disciplines.

There are several important integral transformations, each
with its own specific properties and applications. Here are some
commonly used integral transformations: Laplace Transform: The
Laplace transform is a widely used integral transformation that
converts a function of time into a function of complex frequency.
It is particularly useful in solving linear ordinary and partial dif-

ferential equations.

The Laplace transform of a function f(t) is denoted by F(s) and
is defined as [3,9,12]:

F(s) = / T r e,

Where s is a complex variable.

Fourier Transform: The Fourier transform is a mathematical
technique that decomposes a function into its constituent fre-
quencies. It converts a function of time (or space) into a function

of frequency.

The Fourier transform of a function f(t) is denoted by F(w)
and is defined as [1,10,11]:

F(w) = /_OO f () e ™dt,

Where is the angular frequency.

Mellin Transform: The Mellin transform is an integral trans-
formation that generalizes the Laplace transform and the Fourier
transform. It transforms a function into a function of a complex
variable raised to a power. The Mellin transform of a function f(t) is
denoted by M(s) and is defined as [7,12]:

M(s) = / T e,

Where is a complex variable.

These are just a few examples of integral transformations, and
there are many others, each with its own applications and prop-
erties. Integral transformations provide powerful tools for solving
various mathematical and physical problems by converting them
into alternative domains where they might be more easily analyzed

or solved.

In this work, we discuss some of the properties of an integral
transformation that was presented recently by Chinchole in [1].
This transformation is considered a generalization of the Laplace
transform, so that the exponential function in the Laplace trans-
form was replaced by the two parameters Mittag-Leffler function,

which makes its study somewhat complicated.
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Preliminaries
Definition 2.1 [5,6]. The function Mittag-Leffler which is denoted
by E_ (t) is given by

00 tj
E”(t):;F(ja—i—l)’

For o = 1 we have E, (t) = exp(t).

o>0

Definition 2.2 [2]. The two-parametric Mittag-Leffler function
is defined by

Eo t - P N

7=l

o>0,p>0

Forp=1,wehaveE_ (t)=E_(1).

Definition 2.3 [2]. The Chinchole transform is obtained over

the set of functions

H={v(t) e PC(]0,00[);3IM > 0,|v (t)| < Me " for some
k>0.}
By

Con {0 (8) 5} = / BB, (—st) v () dE, s> 0
0 .

(2.1)

Some results on Chinchole transform

Linearity Property of Chinchole transform

Let the functions f(t) and g(t) be in set, then the function aff(t)

+bg(t) in, where a and b are nonzero arbitrary constants, and
Con {af(t) + bg(t); s} = aC,, {f(t);s} + me {g(t);s}. (3.1)

Proof. Using the Definition 2 of Chinchole transform, we get

Cop{af(t) +bg(t); s} =

- / TR, (—st7) (af () + bg(D) dt

= /wt'HEg,“ (—st%) (af(t)) dt + /Owﬁ E, . (—st?) (bg(t)) dt,

JO

= aCou {f(t); s} +bCsu{g(t); s}
Change of scale property of Chinchole transform

Proposition 3.1 If the function belongs to set, then

Co @)} = 2 Con (P00 2} 0

Proof. Using the Definition 2 of Chinchole transform, we get

Cou{f (at);s} :/O t 1B, , (—st?) f (at) dt. (33)

Substituting {=atin Equ.(3.3) yields

Cou{f (at);s}

Il
\8
/‘\
v

Dj
/‘\
Q |y
~
\_/

Example 3.1 Since

CLQ {e‘t; S} =

1+s, (34)

Then we have
1 s
Cio{e sl = —(C {e_t; —} = — =
12 { k } a2 12 al a?l+2 a

(3.5)

1 s 1 a®#
— UL ty_ =
Con{1 0} = o

Copdf ()35} = - .

a’?*

el (ras + s)

0 1
tE —st) ——=dt
/0 12 (=st) (1+1)?

1 00 7st_1
_ ,_/ o ly

sto (1+41)
1—Ey(s)e®

S
Where is the MacRobert’s E-Function [8].

1 1 1 S
Crod— st = 2o, 0
1’2{(1—1—@15)2 8} a? 1’2{(14—15)2 a}

(3.6)

Proposition 3.2 Let be the derivative of such as Then

Cya1 {u(” S} = (0) + sC, » {u(" D(t): }

Proof. We use here the rule of integration by parts, as given in
[1]. By definition, we have

); 5} = /Ooo Eqq(—st?) u™ (t)dt,

Cg’l {U(n)(t

Then

Cora {u(")(

t);s} =

- / Ey1 (—st”)u™(t)dt
0

= [EGJ ( Sta ) (
0

o0

st77) By, (—st7) u" D (t)dt
= [E,i (=st”)u™(1)] Is t B, (—st?) u™ D (t)dt
0

~ (g )+scm{u" D(t); s}
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Corollary 3.1 If 0 = 1, then the Chinchole transform is identical

to the Laplace transform, thus
)s} =1L {u(")(t); s}
S} Z n—k—1 (k

0171 {U(") (t

= s"L{u(t) . (3.8)

If o > 1, then

Coo {u®(t);5} = ~Cogmr {u" D)5} 5o

For o = 2, we have

Cs0 {u(") (t);s} = w2 (0) — sCyy {u("_Q)(t); s}

For o > 2, we have

Ca',a' {U<") (t)y S} = —Lgo-1 {u(nil) (t)7 S}

= Ug0-2 {u('n 2) 5} (310)
And for a >j
Coo {u(") } J Cooj {u(” J) (t); s }

L (3.11)
Proof. Using the Definition 2 of Chinchole transform, we get
{oo]
s} = / Eiq(—st)u(t)dt
0

/000 exp (—st)u (t) dt
L{u(t);s}.

0171 {u (t) ]

Therefore, the relation (3.8) is satisfied. If, then

0 < [t By (—st?)u" D ()| < |7 By (—st7) w7 (8)|
< |t7 exp (—st”) M exp (—kt)|

for some k>0

to—l
< -
- Mexp (st® + kt) —0 when . t - oo
So
[t By (—st”) u™ D (1)) =0

Integration by parts gives

Co o {u(") (t); s}

= / t7 7,y (—st) u™ Y (1) dt
Jo

[t By (—st”) u= ()] — / 172 B, 1 (—st%) u™ (t) dt
0
= —Coro {u(nfl)(t);s}.

26
For o = 2, we use equations (3.9) and (3.7) to obtain

Cy 2 {u(") }

—Co {u™V(1); 5}
. (—u("72> (0) + 50271 {u(n*Q)(t)u 5})
L2) (0) _ 802,1 {u(n—2) (t); 8} .

(3.12)

For o > 2, by applying the relation (3.9) twice, we get, Eq.(3.10).

For a >j, by induction, we get desired result.

Example 3.2
Co {’lt(4)(t); sh=
sUL{u(t); s} — S05_, 87 Fu® (0), ifo=p=1
§2Co {u(?) 9}+9ul()7u3(0), ifo=2pu=1
=< 52055 {u(t); s} — su (0) —u® (0), ifo=3u=1
_50070—3 {U( ),S}—US) (0)7 Zf o >37N: 1
Cop—a{u(t); s}, if >4
Cop {u(s) t);s} =
SLA{u(t); s} — Xbys*Fu® (0), ifo=p=1
5302’2{u()5}—8u()+su"(0)— u®0), if o=2u=1
) =82Cs1 {u(t); s} — su/ (0) — u® (0), ifo=3u=1
T ) —s2Cua {u(t); s} + su(0) — u? (0), ifo=4,u=1
§Cy g—a{u(t); s} —u™(0), if o>4,p=1
—Co s {u(t); s}, if p>5.
£ C, (s}
e-t 11+s any o,l
e-at a?”t any o,
a’+s
tn -T'(n+1) o=1,u=2
(2 3
st
1 _ EAPY- o=1u=2
(1-+at)? TEa)et E2£“>e g
cos(kt) < 1) o=1u=2
2\/_ Vs

Table 1: Chinchole transform of some functions.

Conclusion

In this work, we reviewed some of the properties of the mod-
ern integral transformation, the Chinchole transformation, such
as linearity and some relationships between derivatives and their
transformations. In the upcoming works, we seek to prove other
properties of this transformation and search, especially for appli-

cations in practical life.

The presence of the Mittag-Leffler function in the kernel of this
transformation gives an indication of its connection to some frac-
tional derivatives, such as the Atangana-Baleanu operator and the
Prabhakar operator. Discovering this type of connection may pro-
vide many facilities in studying the issues related to the aforemen-

tioned operators.
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