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Abstract
 In this paper we shall present a method for solving local fractional differential equations. This method is based on the combina-

tion of the Shehu transform and the local fractional derivative (we can call it the local fractional Shehu transform), where we have 
presented some important results and properties. We concluded this work by providing illustrative examples, through which we 
focused on solving some linear local fractional differential equations in order to obtain non- differential analytical solutions. From 
the results obtained, it can be concluded that this suggested method is effective when applied this type of local fractional partial 
deferential equations.
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Introduction

Transformations defined by integrals play an important role in 
the resolution of ordinary differential equations, partial differen-
tial equations and in the resolution of integral differential equa-
tions with integer order or fractional order. It also intervenes in 
mathematical physics, probability calculus, automatics, engineer-
ing, etc...

Among the most famous transformations, we find the Laplace 
transform method [14], the Fourier transform method [23], the 
Mellin transform method [24], and there are other transforma-
tions that have appeared in the recent period, we cite for example, 
the Sumudu transform method [25], the Natural transform meth-
od [26], the Ezaki transform method [27], the Aboodh transform 
method [28], the Shehu transform method [10] and others.

The work in this paper is based on the Shehu transformation 
method, as this transformation that have appeared recently and is 
defined by an integral due to its association with the well-known 

Laplace transform [14]. It was recently discovered by Maitama and 
Zhao in 2019 [10], and has been used by many researchers in the 
field of mathematics to solve both ordinary and partial differential 
equations of integer order ([1,2,10,20-22]), both ordinary and par-
tial differential equations of fractional order ([6,9,11,12]), integro-
differential equation [3], and integral equation [4].

The main objective of the present work is to combine the local 
fractional derivative with the Shehu transform in order to resolve 
linear differential equations with local fractional derivative. We 
supported this work with illustrative examples showing how to ap-
ply this transform with the use of local fractional derivative.

The structures of the paper are as follows. In Section 2 some 
basic definitions and properties of the local fractional calculus and 
local fractional Laplace transform method. In section 3, we present 
some important results. In section 4, we apply the local fractional 
Shehu transform method (LFST) to solve the proposed example. Fi-
nally, we conclude with the conclusion.
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Basic of local fractional calculus

In this section, we give the concepts of local fractional derivatives 
and integrals and polynomial functions on cantor sets.

Definition 1
([13,15,16]) If there exists the relation 
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Definition 2
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Definition 4
([7,13,19]) The local fractional Laplace transform of )(τΦ  of or-
der σ  is defined as 
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Theorem 1
([15]) If { } ),()( sFL σσ τ =Φ  then one has 
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See [15].
 
Theorem 2
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Theorem 3
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Theorem 4
([17]) Suppose that ],,[)( baCστ ∈Φ  then there is a function 
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Main Result
In this section, we present the local fractional Shehu transforma-
tion (LFST) method and some properties are discussed.

If there is a new transform operator 
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For example if =Φ )(τ  ),( σσ
σ τiE  we obtain 
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As the generalized result, we give the following definition. 

Definition 5
The local fractional Shehu transform of )(τΦ  of order σ  is de-
fined as

{ } .10,))((
)1(

1),()(
0

≤<Φ







−

+Γ
=Ω=Φ ∫

∞

σττ
ν
τυ

σ
νυτ σ

σ

σσ

σσσ dESLF

The inverse transformation can be obtained as follows
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Theorem 6
(local fractional Shehu-Laplace and Laplace-Shehu duality)
 If { } )()( sFL σσ τ =Φ  and ( ){ } ),,( νυτ σσ Ω=ΦSLF  then one 
has 
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Theorem 7
(local fractional Shehu transform of local fractional derivative) 
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We proof the first formula. Using the definition 5 and the integra-
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To demonstrate the validity of the second formula, we use math-
ematical induction.

If 1=n , we obtain
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Illustrative examples 

In this section, we will apply the local fractional Shehu transform 
(LFST) to some suggested local fractional differential equations.
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Example 1
First, we consider the following local fractional differential equa-
tion of order 

( ) ( ) 10 ,1 ≤<−=+ στω
τ
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σ
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d
d .

With the initial condition 
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Taking the local fractional Shehu transform on both sides of given 
equation, we have 
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Example 2
Next, we consider the following local fractional differential equa-
tion 
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Taking the local fractional Shehu transform, we have 
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By following the same steps as the previous example, we obtain  
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Take the inverse transformation, we get 
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This result represents the exact solution to our equation. 
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Example 3
Finally, we consider the following local fractional differential equa-
tion of order ,2σ  ),10( ≤<σ  
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By following the same steps as the previous example, we obtain 
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Take the inverse transformation, we get 

( ) ( ) .1
)(sin

σ
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σ
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This result represents the exact solution to our equation.

Conclusion
 In this work, we proposed the local fractional Shehu transform 

based on the local fractional calculus and its results were discussed, 
where we presented some important results and properties with 
their proofs. To prove the effectiveness of this method, we have ap-
plied it to solve some linear local fractional differential equations, 
where we found the results to be accurate and from the type of 
no differential functions. Based on the results of the suggested ex-
amples, we can say that this method is practical and effective in 
solving other forms of linear local fractional differential equations.

Conflict of Interest
The authors declare that there is no conflict of interests regard-

ing the publication of this paper.

Acknowledgement
The authors would like to thank the to the General Directorate 

of Scientific Research and Technological Development (DGRSDT) 
of Algeria in for supporting partially the research project No. 
C00L03UN020120220002.

43

Local Fractional Shehu Transform and its Application to Solve Linear Local Fractional Differential Equations

Citation: Rachid Belgacem., et al. “Local Fractional Shehu Transform and its Application to Solve Linear Local Fractional Differential Equations". Acta 
Scientific Computer Sciences 5.3 (2023): 37-45.



Bibliography

1. S Aggarwal., et al. “Application of Shehu Transform for Han-
dling Growth and Decay Problems”. Global Journal of Engineer-
ing Science And Researches 6.4 (2019): 190-198.

2. A N ALbukhuttar., et al. “Applications of A Shehu Transform 
to the Heat and Transport Equations”. International Journal of 
Psychosocial Rehabilitation 24.5 (2020).

3. S Aggarwal., et al. “Primitive of First Kind Volterra Integro-Dif-
ferential Equation Using Shehu Transform” 5.8 (2020): 31-38.

4. S Aggarwal., et al. “Transform for Solving Abel’s Integral Equa-
tion”. Journal of Emerging Technologies and Innovative Re-
search 6.5 (2019): 101-110.

5. J Ahmad., et al. “Analytic solutions of the Helmholtz and La-
place equations by using local fractional derivative operators”. 
Waves Wavelets and Fractals 1 (2015): 22-26.

6. R Belgacem., et al. “Transform and Application to Caputo-Frac-
tional Differential Equations”. International Journal of Analysis 
and Applications 17.6 (2019): 917-927.

7. Ji-H He. “Asymptotic Methods for Solitary Solutions and Com-
pactons”. Abstract and Applied Analysis 916793 (2012): 130.

8. G Jumarie. “Table of some basic fractional calculus formulae 
derived from a modified Riemann--Liouville derivative for 
non-differentiable functions”. Applied Mathematics Letters 22 
(2009): 378-385.

9. H Khan., et al. “Analytical Solutions of (2+Time Fractional Or-
der) Dimensional Physical Models, Using Modified Decompo-
sition Method”. Applied Science 10.122 (2020): 1-20.

10. S Maitama and W Zhao. “New Integral Transform: Shehu 
Transform a Generalization of Sumudu and Laplace Trans-
form for Solving differential equations”. International Journal 
of Analysis and Applications 17.2 (2019): 167-190.

11. S Maitama and W Zhao. “New homotopy analysis transform 
method for solving multidimensional fractional diffusion 
equations”. Arab Journal of Basic and Applied Sciences 27.1 
(2019): 27-44.

12. S Qureshi and P Kumar. “Using Shehu Integral Transform to 
Solve Fractional Order Caputo Type Initial Value Problems”. 
Journal of Applied Mathematics and Computational Mechanics 
18.2 (2019): 75-83.

13. HM Srivastava., et al. “Local Fractional Sumudu Transform 
with Application to IVPs on Cantor Sets”. Abstract and Applied 
Analysis (2014): 1-7.

14. M R Spiegel. “Theory and problems of Laplace transform, New 
York, USA”. Schaum’s Outline Series, McGraw--Hill., (1965).

15. X-J Yang. “Local Fractional Functional Analysis and Its Applica-
tions”. Asian Academic, Hong Kong, (2011).

16. X-J Yang. “Advanced Local Fractional Calculus and Its Applica-
tions”. World Sci. Pub., New York, NY, USA, (2012).

17. X-J Yang., et al. “Problems of local fractional definite integral of 
the one-variable non-differentiable function”. World Sci-Tech 
R&D, (in Chinese) 31.4 (2009): 722-724.

18. X-J Yang. “Generalized Sampling Theorem for Fractal Signals”. 
Advanced Expression Manipulation 1.2 (2012): 88-92.

19. C G Zhao., et al. “The Yang-Laplace Transform for Solving the 
IVPs with Local Fractional Derivative”. Abstract and Applied 
Analysis (2014): 1-5.

20. D Ziane., et al. “Combination of Two Powerful Methods for 
Solving Nonlinear Partial Differential Equations”. Earthline 
Journal of Mathematical Sciences 3.1 (2020): 121-138.

21. D Ziane., et al. “A new modified Adomian decomposition meth-
od for nonlinear partial differential equations”. Open Journal of 
Mathematical Analysis 3.2 (2019): 81-90.

22. D Ziane., et al. “Local Fractional Aboodh Transform and its Ap-
plications to Solve Linear Local Fractional Di§erential Equa-
tions”. Advances in the Theory of Nonlinear Analysis and its Ap-
plication 6.2 (2022): 217-228.

23. S Benzoni. “Analyse de Fourier”. Universite de Lyon/Lyon 1, 
France (2011).

24. D. Lomen, Application of the Mellin Transforin to Boundary 
Value Problems”. Proceedings of the Iowa Academy of Science 
69.1 (1962): 436-442.

44

Local Fractional Shehu Transform and its Application to Solve Linear Local Fractional Differential Equations

Citation: Rachid Belgacem., et al. “Local Fractional Shehu Transform and its Application to Solve Linear Local Fractional Differential Equations". Acta 
Scientific Computer Sciences 5.3 (2023): 37-45.

https://zenodo.org/record/2646649
https://zenodo.org/record/2646649
https://zenodo.org/record/2646649
https://www.researchgate.net/publication/345436642_APPLICATIONS_OF_A_SHEHU_TRANSFORM_TO_THE_HEAT_AND_TRANSPORT_EQUATIONS
https://www.researchgate.net/publication/345436642_APPLICATIONS_OF_A_SHEHU_TRANSFORM_TO_THE_HEAT_AND_TRANSPORT_EQUATIONS
https://www.researchgate.net/publication/345436642_APPLICATIONS_OF_A_SHEHU_TRANSFORM_TO_THE_HEAT_AND_TRANSPORT_EQUATIONS
https://www.researchgate.net/publication/282657319_Analytic_solutions_of_the_Helmholtz_and_Laplace_equations_by_using_local_fractional_derivative_operators
https://www.researchgate.net/publication/282657319_Analytic_solutions_of_the_Helmholtz_and_Laplace_equations_by_using_local_fractional_derivative_operators
https://www.researchgate.net/publication/282657319_Analytic_solutions_of_the_Helmholtz_and_Laplace_equations_by_using_local_fractional_derivative_operators
https://www.researchgate.net/publication/258228070_Asymptotic_Methods_for_Solitary_Solutions_and_Compactons
https://www.researchgate.net/publication/258228070_Asymptotic_Methods_for_Solitary_Solutions_and_Compactons
https://www.sciencedirect.com/science/article/pii/S0893965908001638
https://www.sciencedirect.com/science/article/pii/S0893965908001638
https://www.sciencedirect.com/science/article/pii/S0893965908001638
https://www.sciencedirect.com/science/article/pii/S0893965908001638
https://www.mdpi.com/2076-3417/10/1/122
https://www.mdpi.com/2076-3417/10/1/122
https://www.mdpi.com/2076-3417/10/1/122
https://www.tandfonline.com/doi/full/10.1080/25765299.2019.1706234
https://www.tandfonline.com/doi/full/10.1080/25765299.2019.1706234
https://www.tandfonline.com/doi/full/10.1080/25765299.2019.1706234
https://www.tandfonline.com/doi/full/10.1080/25765299.2019.1706234
https://amcm.pcz.pl/2019_2/art_07.pdf
https://amcm.pcz.pl/2019_2/art_07.pdf
https://amcm.pcz.pl/2019_2/art_07.pdf
https://amcm.pcz.pl/2019_2/art_07.pdf
https://projecteuclid.org/journals/abstract-and-applied-analysis/volume-2014/issue-none/Local-Fractional-Sumudu-Transform-with-Application-to-IVPs-on-Cantor/10.1155/2014/620529.full
https://projecteuclid.org/journals/abstract-and-applied-analysis/volume-2014/issue-none/Local-Fractional-Sumudu-Transform-with-Application-to-IVPs-on-Cantor/10.1155/2014/620529.full
https://projecteuclid.org/journals/abstract-and-applied-analysis/volume-2014/issue-none/Local-Fractional-Sumudu-Transform-with-Application-to-IVPs-on-Cantor/10.1155/2014/620529.full
https://www.researchgate.net/publication/283502919_Local_Fractional_Functional_Analysis_and_Its_Applications
https://www.researchgate.net/publication/283502919_Local_Fractional_Functional_Analysis_and_Its_Applications
https://www.researchgate.net/publication/215519724_Problems_of_Local_Fractional_Definite_Integral_of_the_One-variable_Non-differentiable_Function
https://www.researchgate.net/publication/215519724_Problems_of_Local_Fractional_Definite_Integral_of_the_One-variable_Non-differentiable_Function
https://www.researchgate.net/publication/215519724_Problems_of_Local_Fractional_Definite_Integral_of_the_One-variable_Non-differentiable_Function
https://www.hindawi.com/journals/aaa/2014/386459/
https://www.hindawi.com/journals/aaa/2014/386459/
https://www.hindawi.com/journals/aaa/2014/386459/
https://www.researchgate.net/publication/338348380_Combination_of_Two_Powerful_Methods_for_Solving_Nonlinear_Partial_Differential_Equations
https://www.researchgate.net/publication/338348380_Combination_of_Two_Powerful_Methods_for_Solving_Nonlinear_Partial_Differential_Equations
https://www.researchgate.net/publication/338348380_Combination_of_Two_Powerful_Methods_for_Solving_Nonlinear_Partial_Differential_Equations
https://dergipark.org.tr/en/download/article-file/1911661
https://dergipark.org.tr/en/download/article-file/1911661
https://dergipark.org.tr/en/download/article-file/1911661
https://dergipark.org.tr/en/download/article-file/1911661


25. G K Watugala. “Sumudu transform: a new integral transform 
to solve deferential equations and control engineering prob-
lems”. International Journal of Education in Mathematics, Sci-
ence and Technology 24.1 (1993): 35-43.

26. ZH Khan and W A Khan. “N-transform properties and appli-
cations”. NUST Journal of Engineering Sciences 1 (2008): 127-
133.

27. TM Elzaki and SM Ezaki. “On the ELzaki Transform and Or-
dinary Differential Equation with Variable Coefficients”. The 
Advances in Theoretical and Applied Mathematics 6.1 (2011): 
41-46.

28. KS Aboodh. “The new integrale transform “Aboodh transform”. 
Global Journal of Pure and Applied Mathematics 9.1 (2013): 35-
43.

45

Local Fractional Shehu Transform and its Application to Solve Linear Local Fractional Differential Equations

Citation: Rachid Belgacem., et al. “Local Fractional Shehu Transform and its Application to Solve Linear Local Fractional Differential Equations". Acta 
Scientific Computer Sciences 5.3 (2023): 37-45.

https://www.tandfonline.com/doi/abs/10.1080/0020739930240105
https://www.tandfonline.com/doi/abs/10.1080/0020739930240105
https://www.tandfonline.com/doi/abs/10.1080/0020739930240105
https://www.tandfonline.com/doi/abs/10.1080/0020739930240105
https://www.researchgate.net/publication/216097528_N-Transform_Properties_and_Application
https://www.researchgate.net/publication/216097528_N-Transform_Properties_and_Application
https://www.researchgate.net/publication/216097528_N-Transform_Properties_and_Application
https://www.kau.edu.sa/Files/0057821/Researches/60340_31163.pdf
https://www.kau.edu.sa/Files/0057821/Researches/60340_31163.pdf
https://www.kau.edu.sa/Files/0057821/Researches/60340_31163.pdf
https://www.kau.edu.sa/Files/0057821/Researches/60340_31163.pdf
https://iaetsdjaras.org/gallery/2-jaras-june-1078.pdf
https://iaetsdjaras.org/gallery/2-jaras-june-1078.pdf
https://iaetsdjaras.org/gallery/2-jaras-june-1078.pdf

	_GoBack

