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Abstract

Using the theory of polytopic prismahedrons [1-4], the structure of complete filling (partitioning) of the space of globular proteins 
with residues of amino acid molecules, accompanied by the formation of various conformations of fibrillar proteins: spirals of struc-
tures with parallel and antiparallel amino acid residues, is investigated. Since the residue of an amino acid is geometrically an object 
of dimension 4 (a tetrahedron with a center), the structure of a globular protein is modeled by a set of connected tetrahedrons with 
a center, which form a space of the highest dimension. Examples of the thus obtained native structures of the highest dimension that 
simulate the structure of globular proteins are given.
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Introduction
Globular proteins are compact globules that include chains, he-

lices, sheets, and individual amino acid molecules. Globular pro-
teins include the most important biological formations necessary 
for the functioning of living organisms (enzymes, hemoglobin, im-
munoglobulin, etc.). They are extremely complex so that until now 
their detailed structure remains unknown, although data on the 
presence of various conformations of amino acid compounds [5-8] 
in them has been accumulated about many proteins. However, a 
description of the entire set of residues of amino acid molecules 
entering the globule meets significant difficulties. At the same 
time, it became known that any disturbances in the dense pack-
ing of amino acid molecules lead to the loss of functionality of the 
globular protein and even to its destruction [5,8]. 

It should be noted that when describing the structure of globu-
lar proteins, they are traditionally considered three-dimensional. 

However, as shown, for example, in [1,3], the molecules of almost 
all chemical compounds have the highest dimension. This certainly 
applies to the residues of amino acid molecules and their com-
pounds. Therefore, in this work, the native structure of globular 
proteins is considered in the space of the highest dimension. The 
appeal to the space of the highest dimension reflects the nature 
of matter and allows you to establish a hidden order in the nano-
world. This was the case when establishing translational symmetry 
in quasicrystals [9,10] and establishing the order of interaction of 
nucleic acids [11,12].

Native structure of globular proteins with parallel and anti-
parallel arrangement of amino acid residues, and α - spirals

When analyzing the structure of globular proteins, the task is to 
continuously fill a certain finite volume (globules) with amino acid 
molecules. To solve this problem, one should turn to the theory of 
normal decomposition of n-dimensional spaces [1-4]. This theory 
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is based on the concept of polytopic prismahedron, that is, prisms, 
the bases of which are some polytopes of the highest dimension. It 
is proved that it is precisely the polytopic prismahedrons that pro-
vide the possibility of solving the 18th problem of Hilbert [13] on 
the construction of n-dimensional spaces using congruent figures, 
which was introduced 120 years ago. A polytopic prismahedron is 
the product of an arbitrary polytope by geometric elements of vari-
ous dimensions (one-dimensional segment, triangle, tetrahedron, 
etc.). The basis for applying the theory of polytopic prismahedrons 
to the analysis of the native structure of globular proteins is the 
idea that the amino acid molecule of which the globule mainly con-
sists, from a geometric point of view, is a tetrahedron with a center 
(Figure 1). At the vertices of the tetrahedron are located an amino 
group -NH2, a hydrogen atom, a carboxyl group -OH and a function-
al group R having a different composition depending on the amino 
acid in question. In the center of the tetrahedron is a carbon atom 
(denoted as α-carbon). The carbon atom in the center of the tet-
rahedron is bonded to the vertices by a covalent chemical bond. 
These links are indicated by red dashed lines.

Figure 1: Molecules of amino acid.

The black solid lines in figure 1, connecting the vertices, are the 
edges of the tetrahedron, they define the geometric shape of the 
tetrahedron. Amino acid molecules can be linked to each other by a 
covalent bond, whereby the hydrogen atom H of the amino group of 
one amino acid molecule combines with a hydroxyl group OH from 
the carboxyl group of another amino acid molecule, with the elimi-
nation of a water molecule. The dimension of such a polyhedron 
can be determined by the Euler-Poincaré [14]:
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In (1) ( )if n is the number of elements of a polytope P of di-
mension n having dimension i.

From figure 1 it follows that the number of vertices of the tet-
rahedron with center is 5, the number of edges is 10, the number 
of two-dimensional faces is 10, the number of three-dimensional 
faces is 5. In this case 0 1 2 35, 10, 10, 5.f f f f= = = =  

Substituting the obtained values , 0 3if i = ÷ ​​into equation 
(1), we obtain, 

5 - 10 + 10 - 5 = 0.

Thus, Euler-Poincaré's equation for a tetrahedron with a center 
holds for n = 4. This proves that a tetrahedron with a center (amino 
acid molecule) has dimension 4. 

It is known that the residues of amino acid molecules (after 
the cleavage of water molecules) can be located in a protein in a 
parallel position. Two such residues, considered together, form a 
polytopic prismahedron with dimension 5 [6-8]. Two tetrahedrons 
centered in the antiparallel position form a cross-polytope of di-
mensions 5 [2,11]. In order to describe the α -helices existing in the 
native structure of proteins with the help of tetrahedra with a cen-
ter, in addition to parallel and antiparallel tetrahedra with a center, 
it is necessary to have an intermediate state of a tetrahedron with 
a center between the two indicated states. It can be obtained by 
rotating each edge of the tetrahedron centered at 90 degrees, since 
the antiparallel state to this state is obtained by rotating each edge 
of the tetrahedron centered at 180 degrees. 

Each of the polytopes, consisting of two tetrahedra with a cen-
ter, rotated relative to each other by 90 degrees, have dimension 5. 
Indeed, let us denote by integers the vertices of any of these poly-
topes (Figure 2).

The polytope in figure 2 is not a prismahedron, since the lines 
connecting the vertices of the two tetrahedra in it are not parallel to 
each other. This polytope can be called a self-orthogonal polytope. 
Its dimension can be determined by equation (1). In this polytope 
the number of vertices is 10, the number of edges is 22: 1 - 2, 1 - 4, 
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Figure 2: Polytope, consisting of two tetrahedra with the  
center, rotated relative to each other by 90 degrees.

1 - 3, 1 - 5, 2 - 5, 2 - 4, 2 - 3, 3 - 4, 3 - 5, 3 - 10, 4 - 5, 5 - 6, 6 - 10, 6 - 9, 
6 - 8, 6 - 7, 7 - 8, 7 - 9, 7 - 10, 8 - 9, 8 - 10, 10 - 9; the number of two-
dimensional faces is 22: 1 - 5 - 3, 1 - 2 - 3, 1 - 2 - 5, 1 - 4 - 5, 1 - 2 - 4, 
1 - 3 - 5, 2 - 4 - 5, 2 - 3 - 5, 2 - 3 - 4, 3 - 4 - 5, 3 - 5 - 10 - 6, 2 - 3 - 9 - 10, 
7 - 9 - 10, 7 - 10 - 8, 7 - 6 - 8, 7 - 6 - 10, 7 - 9 - 6, 6 - 8 - 10, 6 - 8 - 9, 
8 - 9 - 10, 6 - 9 - 10, 2 - 5 - 9 - 6; the number of three-dimensional 
faces is 11: 1 - 2 - 3 - 5, 1 - 4 - 3 - 5, 1 - 2 - 4 - 3, 1 - 2 - 4 - 5, 2 - 4 - 3 
- 5, 6 - 8 - 9 - 10, 7 - 9 - 8 - 6, 7 - 8 - 9 - 10, 7 - 8 - 6 - 10, 7 - 9 - 6 - 10, 
1 - 2 - 3 - 5 - 6 - 8 - 9 - 10 (polyhedron bounded by the outer surface 
of the polytope); the number of four -dimensional faces is 3: 1 - 2 
- 3 - 4 - 5, 6 - 7 - 8 - 9 - 10, 2 - 4 - 3 - 5 - 10 - 9 - 7 - 6. In this case 

0 1 2 3 410, 22, 22, 11, 3.f f f f f= = = = =  

Substituting the obtained values , 0 4if i = ÷ ​​into equation 
(1), we obtain, 

10 - 22 + 22 - 11 + 3 = 2.

Thus, Euler-Poincaré's equation in this case holds for n = 5. 
This proves that a polytope on figure 1 has dimension 5. The four-
dimensional polytopes include two tetrahedra with a center and a 
polytope 2 - 4 - 3 - 5 - 10 - 9 - 7 - 6. Let us prove that this polytope 
has dimension 4. In this polytope the number of vertices is 8, the 
number of edges is 15: 2 - 4, 2 - 5, 2 - 3, 4 - 3, 5 - 3, 3 - 10, 4 - 7, 5 - 6, 
2 - 9, 10 - 9, 10 - 7, 10 - 6, 7 - 6, 7 - 9, 9 - 6; the number of two-dimen-
sional faces is 13: 2 - 4 - 5, 2 - 4 - 3, 5 - 4 - 3, 2 - 3 - 5, 10 - 7 - 9, 7 - 9 - 6, 
10 - 7 - 6, 10 - 9 - 6, 2 - 3 - 10 - 9, 2 - 4 - 7 - 9, 2 - 5 - 9 - 6, 5 - 4 - 7 - 6, 5 
- 3 - 10 - 6; the number of three-dimensional faces is 6: 2 - 3 - 5 - 10 

- 9 - 6, 2 - 3 - 4 - 5, 7 - 9 - 10 - 6, 2 - 4 - 5 - 7 - 9 - 6, 5 - 4 - 3 - 10 - 7 - 6, 
2 - 3 - 4 - 10 - 7 - 9. In this case 0 1 2 38, 15, 13, 6.f f f f= = = =  

Substituting the obtained values , 0 3if i = ÷ ​​into equation 
(1), we obtain, 

8 - 15 + 13 - 6 = 0.

Thus, Euler-Poincaré's equation in this case holds for n = 4. This 
proves that a polytope 2 - 4 - 3 - 5 - 10 - 9 - 7 - 6 has dimension 4.

Consequently, all possible polytopes that can be created from 
two tetrahedrons with a center somehow, polytopic prisms, cross-
polytopes and self-orthogonal polytopes, have dimension 5. Each 
such polytope leads to polytopic prismahedrons, with the smallest 
dimension 6, with the help of which, in accordance with the theory 
of polytopic prismahedrons, it is possible to construct a space of 
the highest dimension. 

When this intermediate state and the state antiparallel to it are 
included in the set of possible states of a tetrahedron with a cen-
ter, a picture is obtained that describes all the variety of states ob-
served in the native structure of the protein (Figure 3).

Figure 3: Native structure of globular proteins.
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Consequently, all possible polytopes that can be created from 
two tetrahedrons with a center somehow, polytopic prisms, cross-
polytopes and self-orthogonal polytopes, have dimension 5. Each 
such polytope leads to polytopic prismahedrons, with the smallest 
dimension 6, with the help of which, in accordance with the theory 
of polytopic prismahedrons, it is possible to construct a space of 
the highest dimension. This, in particular, is realized in the native 
structure of globular proteins.

If we multiply the picture in figure 3 by geometric elements of 
different dimensions (segment, triangle, tetrahedron, etc.), we can 
see how different spatial β-sheets are formed in the native protein 
structure with parallel and antiparallel arrangement of residues of 
acid amine molecules, and various α-helices. The presence or ab-
sence of certain secondary conformations of protein molecules will 
be limited by the presence or absence of certain chemical bonds 
between tetrahedrons centered on a common structure.

Conclusion
Using the theory of polytopic prismahedrons [2], which made it 

possible to solve the 18th problem of Hilbert [13] about construct-
ing an n-dimensional space using congruent figures [4], the prob-
lem of constructing the native structure of globular proteins in the 
entire volume of a globule is considered. For the first time, a math-
ematical model of the tertiary structure of a protein was obtained 
with an indication of the distribution of residues of amino acid 
molecules throughout the volume of a globule with the formation 
of all known conformations of protein molecules. It is shown that 
polytopic prismahedrons consisting of four amino acid residues in 
both the case of parallel and antiparallel and self-orthogonal ar-
rangement of amino acid residues have dimension 6. An increase in 
the number of amino acid residues in the polytopic prismahedrons 
leads to an increase in the dimension of the polytopic prismahe-
drons and to increase the flow of information necessary for the ef-
fective functioning of active centers in enzymes. Geometric images 
of the native structure of globular proteins with the participation of 
various conformations of protein molecules are presented.
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